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Quasibound states in the continuum for flexural waves
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Bound states in the continuum (BICs) and their quasibound counterparts (QBICs) have emerged as powerful
tools to engineer sharp resonances and extreme field confinement in wave systems. Here, we investigate the
formation and tunability of BICs and QBICs for flexural waves in thin elastic plates decorated with a one-
dimensional array of pointlike resonators. By designing a diatomic unit cell and varying the relative angle of
the two resonators, we achieve precise control over the coupling between the guided modes of the plate and
the radiation continuum. This simple geometric tuning enables the transition from a symmetry-protected BIC
at the center of the Brillouin zone to a family of high-Q QBICs at finite Bloch wave vectors. We develop an
analytical multiple-scattering model to compute the transmission and reflection coefficients of a plane flexural
wave interacting with the array, and we demonstrate that the resulting resonances manifest as angle-dependent
Fano line shapes in the scattering spectra. Furthermore, by employing a lumped-element description of the
resonators, we propose a feasible physical realization of the system and validate our theoretical predictions
against full finite element simulations, obtaining excellent quantitative agreement. Our results provide both a
fundamental understanding and a practical route to engineer ultranarrow resonances and elastic metasurfaces
with tailored dispersion, paving the way for advanced control of flexural waves in thin plates.
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I. INTRODUCTION

Bound states in the continuum (BICs) are localized eigen-
modes that exist spectrally within the continuum of radiating
states but remain perfectly confined due to symmetry con-
straints or destructive interference [1]. Originally conceived
in quantum mechanics [2–4], the concept has since been
generalized to photonics [5–8], acoustics, and elastodynam-
ics, where it enables extreme field confinement, ultrahigh
quality factors and strong wave-matter interactions in open
systems [9–18].

In realistic structures, ideal BICs are usually perturbed by
slight symmetry breaking or structural imperfections, leading
to quasi-BICs (QBICs)—long-lived resonances that weakly
couple to the continuum. These modes preserve many of the
advantages of true BICs while being accessible from the far
field. Their radiative coupling strength and quality factor can
be tuned by adjusting the degree of symmetry breaking, modi-
fying the unit cell geometry, or varying the incidence angle of
an external excitation. As a result, QBICs manifest as sharp,
asymmetric Fano resonances in scattering spectra [9,19–23].

Recent developments in photonic and phononic plat-
forms have expanded the range of available BIC phenomena,
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including the merging of accidental and symmetry-protected
BICs [10,24–26], hybridization of multiple BIC channels
[19,27], and robust BICs in metasurfaces and polaritonic sys-
tems [20]. These studies demonstrate that BIC physics is not
restricted to electromagnetic waves but extends naturally to
acoustic and elastic systems.

In the field of flexural waves in thin plates, arrays of
pointlike resonators offer a powerful route to engineer band
structures and localized modes [28]. Finite clusters of res-
onators can sustain extremely high-Q localized modes that
converge to BICs in the infinite-array limit, while periodic
structures enable the design of edge and interface states with
robust transport properties [29,30]. Experimental demonstra-
tions of acoustic BICs further underscore the versatility of this
concept beyond optics [31].

In elastic and acoustic wave systems, linear periodic ar-
rays have long been known to support guided and leaky
modes, often referred to as Rayleigh-Bloch waves. Early
studies considered resonance and wave trapping effects in
periodic structures and wake-induced oscillations [13,14].
More recently, linear chains of resonant pillars on elastic
or semi-infinite substrates have been investigated, reveal-
ing rich dispersive behavior and strong wave-resonator
interactions [32].

In parallel, a growing body of work has focused on the
complex dispersion relations of Rayleigh-Bloch waves in
open periodic systems [33–35]. Although based on scalar
wave equations, these studies exhibit strong qualitative sim-
ilarities with flexural-wave systems, including the emergence
of leaky modes, avoided crossings, and sharp resonances as-
sociated with radiation losses.
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FIG. 1. Schematic of the system under study: an infinite linear periodic array of resonant head-neck attachments placed on a thin elastic
plate. The array is periodic along the x direction with lattice constant a. Each unit cell contains two resonators separated by a distance d ,
forming a dimerized geometry, which eventually can be rotated an angle θ to break the symmetry.

In this work, we extend these ideas to flexural waves in thin
elastic plates, using a multiple-scattering framework based on
Kirchhoff-Love plate theory, and demonstrate the existence
of symmetry-protected bound states in the continuum and
tunable quasi-BICs in a linear array of resonant attachments.

We explore BIC and QBIC formation in a linear array of
pointlike resonators on a thin elastic plate, where each unit
cell consists of two resonators with tunable relative positions.
This simple dimerized geometry folds the Brillouin zone and
supports a symmetry-protected BIC at the � point, while
also enabling a tunable quasi-BIC band across the Brillouin
zone. By varying the relative displacement between the two
resonators, we continuously control the radiative leakage and
quality factor of the resonance. Furthermore, by changing the
angle of incidence of an incoming plane wave, we selectively
excite QBICs with different in-plane wave vectors, revealing
a family of angle-dependent Fano resonances associated with
the QBIC dispersion.

Our results demonstrate how a minimal one-dimensional
resonant structure can host both symmetry-protected and
tunable quasi-BICs for flexural waves. Beyond their funda-
mental interest, such modes could enable narrow band filters,
enhanced elastic sensing platforms, and nonlinear wave ma-
nipulation in mechanical metasurfaces.

II. THEORETICAL FORMULATION

The schematic representation of the system is shown in
Fig. 1. We consider a linear array of pointlike scatterers pe-
riodically distributed along the x axis and attached to a thin
elastic plate of thickness h. The unit cell, of length a, consists
of two scatterers separated by a relative displacement vector
d, initially aligned with the x axis but which can be rotated
by an angle θ0. As will be shown later, this rotation acts as a
control parameter for the system’s resonant response.

The periodicity of the structure allows to label eigenmodes
as a function of the Bloch wave number kx along the x di-
rection. When the rotation angle between the scatterers θ0

is zero, the two scatterers form a symmetric unit cell with
respect to the y axis which, at the � point of the Brillouin
zone (corresponding to kx = 0), supports a set of eigenmodes
with well-defined parity. These modes are obviously above the
so-called radiation continuum so that, in principle, they should
be leaky. However, modes with odd symmetry cannot be
coupled to this continuum, consequently they remain trapped
at the array of scatters. These modes are called symmetry-
protected bound states in the continuum (BICs). The only
way of getting this family of modes with point scatterers is
by placing more than one scatterer per unit cell, as can be
easily deduced from the multiple scattering formulation of
the problem. Breaking the symmetry of the unit cell allows
to control the quality factor of these perfectly trapped modes,
and we will do it in two ways in this work: by rotating the
relative displacement vector d or by changing the Bloch wave
number kx.

Pointlike scatterers are modeled as spring-mass attach-
ments characterized by its mass m0 and spring constant κ0,
which additionally defines its resonant frequency ωr . The
physical implementation of the pointlike resonators described
in the analytical model can be realized using a head-neck
(or mass-spring) configuration, as illustrated schematically
in Fig. 1. This approach, introduced in Ref. [36], provides
an effective subwavelength resonator whose mechanical re-
sponse can be accurately captured using a lumped-parameter
description. In this system, the enlarged “head” behaves
as a concentrated mass, while the slender “neck” acts
as an elastic spring that connects the resonator to the
host plate.

Under the assumption that the local deformation is dom-
inated by axial compression and extension of the neck, the
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lumped mass (m0) and stiffness (κ0) of the resonator are given
by

m0 = πρheadd2
headhhead

4
+ πρneckd2

neckhneck

4
, (1)

κ0 = πEneckd2
neck

4hhead
, (2)

where ρX , dX , hX , and EX , with X = head, neck, denote the
material density, diameter, height, and Young’s modulus of
each component. This head-neck system therefore acts as a
localized flexural resonator with a well-defined fundamental
resonance.

To incorporate these elements into the multiple-scattering
framework explained below, it is useful to express the res-
onator’s properties using two dimensionless parameters: the
normalized resonance frequency �r and the normalized res-
onator mass γ , defined as

�r = a

√
κ0

m0

ρh

D
, (3)

γ = m0

ρa2h
, (4)

where a denotes the lattice constant of the array of resonators
while ρ, h, and D are the density, thickness, and bending
rigidity of the plate, this last parameter being related with the
Young modulus E and Poisson’s ratio ν by

D = Eh3

12(1 − ν)
. (5)

The theoretical framework builds upon our earlier work
on the multiple scattering of pointlike resonators attached
to thin elastic plates [28,37]. There, an analytical formalism
was established within the Kirchhoff-Love plate theory [38],
in which the plate is characterized by its density ρ, rigidity
D, and thickness h. This formalism yields the total scattered
field for arbitrary resonator configurations. Detailed deriva-
tions of the scattering coefficients and the multiple-scattering
equations can be found in those references and are not re-
peated here. For the present linear periodic array, the approach
provides closed-form expressions for the transmission and
reflection coefficients of an incident plane wave. In particular,
we focus on the zeroth-order transmitted and reflected modes,
whose amplitudes are directly related to the total scattered
field generated by the array:{

t0 − 1
r0

}
= iG0

k sin θ0

N∑
β=1

Bβ ×
{

e−ik+
0 ·Rβ

e−ik−
0 ·Rβ

, (6)

where Bβ represents the scattering coefficient of the β scat-
terer within the unit cell, G0 = i/8k2 is the Green’s function
for flexural waves at the origin of coordinates and k0 is the
wave vector of the incident field arriving to the array of
scatterers, which forms a θ0 angle with the x axis and has a
modulus k related with the frequency ω by means of the plate
dispersion relation

ω =
√

D

ρh
k2. (7)

The above dispersion relation can be expressed in a more
compact form by defining the normalized frequency � as

�2 = ω2 ρa2h

D
, (8)

thus we see that

�a = k2a2. (9)

In the absence of incident field the Bβ coefficients are the
solutions of a homogeneous system of equations of the form[

t−1
α − χαα −χαβ

−χβα t−1
β − χαα

]
·
[

Bα

Bβ

]
=

[
0
0

]
, (10)

with

tα = Dγ
�2

1 − �2/�2
r

(11)

being the resonant impedance of the pointlike scatterer and
the quantities

χαβ = 1

4D�

∑
n

e−i2nπxαβ/a

[
e−ζ−|yαβ |

ζ− − e−ζ+|yαβ |

ζ+

]
(12)

with

ζ± =
√(

Kx + 2nπ

a

)2

± ω

√
ρh

D
, (13)

represents the multiple scattering coupling.
The above system of equations has nontrivial solutions

only for those frequencies for which the determinant of the
2 × 2 multiple scattering matrix is zero. These conditions
usually can be satisfied for complex frequencies only, and
correspond to the eigenmodes of the system. However, under
certain conditions, real frequencies exist that satisfy these
equations, whose location in the Brillouin zone where they
are located defines a guided wave or a bound state in the
continuum (BIC). Small perturbations of the latter modes,
which correspond to modes with a high quality factor but
still complex in frequency, are called quasibound states in the
continuum or QBICS.

When an external plane wave arrives to this linear array of
scatterers the system of equations is no longer homogeneous
and reads[

t−1
α − χαα −χαβ

−χβα t−1
β − χαα

]
·
[

Bα

Bβ

]
=

[
eik·Rα

eik·Rβ

]
, (14)

whose solutions Bβ are given by

Bα =
(
t−1
β − χαα

)
eikRα + χαβeikRβ(

t−1
α − χαα

)(
t−1
β − χαα

) − χαβχβα

, (15)

Bβ = χβαeikRα + (
t−1
α − χαα

)
eikRβ(

t−1
α − χαα

)(
t−1
β − χαα

) − χαβχβα

. (16)

In the following sections we will analyze the eigenmodes
of the structure proposed in Fig. 1 and the transmission
properties of plane waves at different incidence angles to
show the existence of BICs and QBICs as well as their re-
sponse to far-field excitations. We will use scatterers with a
reduced mass γ = 0.09 and resonant frequency �ra = 13,
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FIG. 2. Color map of log10 |detM| as a function of the reduced
frequency �a and Bloch wave number kxa. Small values of the
determinant (red) indicate resonant conditions. The nearly horizontal
feature near the scatterer’s resonance frequency corresponds to the
intrinsic local resonance of the scatterers and does not represent a
propagating Bloch mode. The curved red band corresponds to a qua-
sibound state in the continuum (QBIC), while a symmetry-protected
BIC occurs at the � point (kx = 0).

whose physical implementation will be discussed in Sec. V.
Also, we will assume that the plate has a thickness h = 0.2a
and it is made of aluminium. The scatterers are initially lo-
cated at xα = −3/16a and xβ = 3/16a, although they will be
rotated within the unit cell to break the symmetry.

III. BICS AND QBICS AT THE � POINT

Figure 2 shows a 2D color map of the logarithm of the de-
terminant of the multiple scattering matrix defined in Eq. (10)
as a function of the reduced frequency �a and the Bloch wave
number kxa. The closer the parameter to −∞, the better the
quality factor of the mode. It can be shown that below the
radiation cone �a = (ka)2 the determinant of the matrix is
strictly zero, however numerical precision was not enough
to find a better value for this map (better algorithms show
exactly where the zeros are, but this is not the objective of
the present work). We see also how outside the radiation cone
some nearly flat bands with a strong red color exist. As will
be seen later, these bands does not correspond to a zero of
the determinant but to a very small value. Finally, it cannot be
clearly seen in the color map, but at kx = 0 a set of modes with
an infinite lifetime (zero determinant) appear. These modes
are symmetry protected BIC and their existence and perturba-
tion will be discussed in this section. We can see also some
blue lines crossing the map, but it has to be pointed out that
these lines are only high values of the determinant and do not

FIG. 3. Out-of-plane displacement field associated with the
symmetry-protected BIC at the � point. The field exhibits odd parity
with respect to the center of the unit cell, leading to destructive
interference of radiated waves and complete suppression of radiation
despite lying within the continuum.

correspond to eigenmodes of the system. More specifically,
we can see a blue line defining the radiation cone �a = (ka)2

and a horizontal line corresponding to the scatterer’s resonant
frequency �ra#.

As was explained before, in general, Eq. (10) has solutions
only for complex frequencies, reflecting the leaky nature of
resonances in open systems. Linear arrays of scatterers can
host purely real solutions, but only below the so-called ra-
diation cone, corresponding to regions of the Brillouin zone
where no propagating wave can be emitted along the y di-
rection. In contrast, at special symmetry points above the
radiation cone, the mode symmetry may forbid coupling to
outgoing waves. This occurs at the � point, where kx = 0
and the system is mirror-symmetric with respect to the y axis.
As a result, the eigenmodes possess definite parity in x, and
Eq. (10) reduces to

Bα ± Bβ = 0. (17)

Odd-parity modes cannot couple to plane waves radiat-
ing away from the array, and are therefore perfectly trapped
despite lying within the continuum—a manifestation of
symmetry-protected BICs. Figure 3 illustrates such an eigen-
mode ocurring at �a = 12.7. The symmetry of the mode
is odd, thus it could not be coupled with the n = 0 grating
mode (the fundamental one), however it will be coupled with
the n = ±1 modes, with propagating wave number along y
given by

ky =
√

k2 − 4n2π2/a2, (18)

however, for the frequencies at which this state appears, ky is
complex, what means that the field is evanescent and the mode
remains trapped on the line of scatterers.

Since BIC modes are completely decoupled from the radi-
ation continuum, they cannot be excited from the far field.
While this isolation can be advantageous, in many cases
it is desirable to excite high-Q modes externally. Because
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FIG. 4. Logarithm of the determinant of the multiple scattering
matrix as a function of frequency for different rotation angles of the
resonators within the unit cell.

confinement arises from symmetry, small perturbations of the
unit-cell geometry transform BICs into QBICs with finite but
still high quality factors. Figure 4 shows the logarithm of the
determinant of the multiple scattering matrix as a function
of frequency for different rotation angles of the dimer vector
d, and it can be seen how this rotation tunes the quality
factor without shifting the resonance frequency. As shown
in Ref. [39], the closer the determinant approaches zero, the
higher the quality factor.

Having finite quality factors, QBICS can be excited and
interrogated from the far field. Figure 5 shows the transmis-
sion coefficient of the infinite grating at normal incidence for
the different rotation angles of the scatterers. As we see, there
is a direct correspondence with the depth and width of the
determinant of the matrix shown before and the width of the
Fano-like resonance illustrated in the transmission coefficient,
while the frequency is nearly invariant. We see also how when

FIG. 5. Transmission coefficient as a function of frequency at
normal incidence for different rotation angles of the scatterers in the
unit cell.

FIG. 6. Transmission coefficient as a function of the reduced
frequency �a and wave number kxa.

the scatterers are rotated 0◦ there is no interaction with the
wave and the mode. This shows how this mechanism can be
used to tune the quality factor of the trapped mode with just a
relative rotation of the scatterers within the unit cell.

IV. QBICS ALONG THE BRILLOUIN ZONE

The dispersion diagram in Fig. 2 maps the determinant of
the secular matrix M as a function of frequency and the Bloch
wave vector along x. True zeros of the determinant occur
only below the radiation cone, but near-zero values persist
above it. This effect is analogous to that discussed at the �

point: symmetry breaking determines the quality factor. In this
case, the breaking arises from finite Bloch momentum along
x, which lifts the mirror symmetry of the wave equation and
removes well-defined parity.

As a consequence, QBICs can now couple to external
fields, but their excitation requires matching the x component
of the wave vector of the incident wave with that of the Bloch
mode. Figure 6 shows the transmission coefficient as a func-
tion of frequency and kxa. The flat band corresponds to the
resonator frequency, while the curved band underneath is the
QBIC dispersion, following perfectly the dispersion relation.

A more detailed picture of what happens in the transmis-
sion properties of the array can be seen in Fig. 7, where
the Fano-like resonance is again shown for kxa = 1.5 and
kxa = 2.4. In this occasion, the tuning mechanism for the
resonance is the kx vector, since we can see how the smaller
kxa the better the quality factor of the resonance, reaching the
perfectly trapped mode or BIC at kx = 0 or � point.

V. FINITE ELEMENT SIMULATIONS

Full-wave numerical simulations were performed using the
finite element method (FEM), as implemented in the Solid
Mechanics module of COMSOL Multiphysics. The elastic
plate and the head-neck resonators were modeled using three-
dimensional linear elasticity, without invoking any plate-wave
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FIG. 7. Transmission coefficient as function of frequency for two
different wave numbers kxa of the incident field.

approximation. Periodic (Floquet-Bloch) boundary conditions
were applied along the direction of periodicity.

For the calculation of the dispersion relation, periodic
boundary conditions were also imposed in the directions per-
pendicular to the array, and the modes were identified by
evaluating the elastic energy localized in the vicinity of the
resonators. This procedure allows us to distinguish trapped
and weakly radiative modes, and to estimate their quality
factor by computing the ratio between the energy stored in
the resonators and the total elastic energy within the unit cell.

For transmission and reflection calculations, perfectly
matched layers (PMLs) were introduced in the transverse
direction to suppress spurious reflections at the boundaries.
A flexural plane wave was excited by imposing a uni-
form time-harmonic normal force on one side of the plate.
The angle of incidence was controlled by rotating the ex-
citation surface, thereby tuning the in-plane wave vector
component kx.

The geometrical parameters of the head-neck resonators
were selected as dhead = 0.32a, dneck = 0.06a, and hhead =
hneck = 0.2a. The resonators were assumed to be made of the
same material as the plate (aluminum in this work), ensuring
that the normalized mass γ and resonance frequency �ra
match those used in the analytical pointlike scattering model.

Figure 8 compares the dispersion relation obtained analyt-
ically using the pointlike resonator model (black lines) with
that computed from FEM simulations (colored symbols). The
color scale represents an estimate of the mode quality factor,
obtained from the ratio between the elastic energy localized in
the resonators (Wr) and the total energy in the unit cell (We).
The agreement between both approaches is fair enough for the
purposes of the current work at a qualitative and quantitative
level: the QBIC branch is correctly reproduced, and the qual-
ity factor increases as the mode approaches the � point, while
remaining high for modes below the radiation cone.

Some discrepancies between the two approaches are nev-
ertheless observed. First, a global frequency shift appears,
which is attributed to the approximate nature of the lumped
head-neck model. Second, additional nearly flat modes

FIG. 8. Comparison between the dispersion relation obtained
from the analytical pointlike resonator model (black lines) and
from finite element method (FEM) simulations based on three-
dimensional linear elasticity (colored symbols). The color scale
represents an estimate of the mode quality factor, defined as the ratio
between the elastic energy localized in the resonators and the total
energy in the unit cell.

emerge at lower frequencies in the FEM simulations, cor-
responding to internal bending resonances of the head-neck
structures that are not captured by the Kirchhoff-Love plate
approximation. Finally, small discontinuities in the QBIC
branch are observed, which arise from hybridization with
higher-order plate modes. Despite these differences, the es-
sential physics of BIC and quasi-BIC formation is accurately
described by the pointlike resonator model.

The excitation of quasi-BICs from the far field was also
investigated using FEM simulations. The zeroth-order trans-
mission coefficient T0 was evaluated by computing the kinetic
energy flux within a detection region located below the res-
onator array and normalizing it to the flux obtained in the
absence of resonators:

T0 =
∫∫∫

S Ws dV∫∫∫
S W0 dV

, (19)

where Ws and W0 denote the kinetic energy flux with and with-
out the resonant structure, respectively, and S is the integration
domain.

Figure 9 presents a direct comparison between the
transmission spectra obtained from the analytical multiple-
scattering model and the FEM simulations for two different
incidence angles. A slight frequency shift is observed, pri-
marily due to higher-order elastic effects and the finite spatial
extent of the resonators, which are not included in the point-
like approximation. Nevertheless, the resonance positions,
asymmetric Fano line shapes, and linewidths are remarkably
well reproduced, confirming that the lumped head-neck model
provides an accurate and efficient physical realization of the
analytical system.
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FIG. 9. Zeroth-order transmission coefficient as a function of
frequency computed using the analytical multiple-scattering model
(continuous lines) and FEM simulations (dashed lines) for two dif-
ferent incidence angles. The position, linewidth, and asymmetric
Fano profiles of the quasi-BIC resonances are well reproduced by
the analytical model, despite a small global frequency shift.

VI. SUMMARY

We have demonstrated that a simple one-dimensional
array of dimerized resonators attached to a thin elastic plate
supports both symmetry-protected BICs and tunable
QBICs. At the � point, mirror symmetry enforces perfect

confinement, while small geometric perturbations enable
controllable far-field coupling with high quality factors. Away
from �, finite Bloch momentum naturally breaks symmetry,
giving rise to a dispersive QBIC band that can be excited at
oblique incidence.

These results highlight the universality of BIC physics in
elastic platforms and suggest practical opportunities for nar-
row band filtering, enhanced sensing, and nonlinear control
of flexural waves. Future work will focus on experimen-
tal realization, refinement of the lumped resonator model,
and theoretical extensions incorporating Rayleigh-wave
contributions.
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