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Abstract

To address the challenges of physical interpretability and scalability in artificial neural networks, physical reservoir computing
(PRC) has emerged as a promising research direction in contemporary machine learning. PRC tackles these challenges by
leveraging simple and efficient physical systems to emulate neural network dynamics. In this work, we develop a theoretical
dynamic model of coupled magnetic dipoles driven by an external magnetic field and systematically analyze its dynamic
behaviors. We employed this model to construct a standard physical reservoir computing architecture, and revealed the
mechanism of magnetic dipole system for computing. Subsequently, the computational performance is evaluated using
regression and classification benchmarks. Our results demonstrate that the models’ rich nonlinear dynamic responses provide
a robust foundation for achieving high accuracy in both chaotic time-series prediction and spoken digit recognition. The
proposed contactless and nonlocal coupling architecture offers valuable theoretical insights for the advancement of PRC
hardware development.
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1 Introduction

Since the advent of artificial intelligence in the era of machine
learning, artificial neural networks, which proposed by con-
nectionism and inspired by the structure of the human brain,
have emerged as a cutting-edge research direction [1, 2].
Through interdisciplinary integration, they have demon-
strated remarkable vitality in applications such as image
analysis [3], speech recognition [4], material discovery [5],
and structural design [6-9]. However, neural networks are
often considered data-driven “black boxes” whose internal
processing lacks clear physical interpretability. In addition,
as purely mathematical models, their computations depend
heavily on conventional von Neumann architectures, result-
ing in inherent limitations in computational efficiency and
scalability.

Against this background, a significant research direc-
tion has emerged: leveraging physical devices or systems
to emulate neuronal behaviors and build physical neural net-
works [10], thereby facilitating the development of novel
hardware platforms, collectively referred to as neuromor-
phic computing. A substantial body of work has explored
the use of resistive arrays [11, 12], memristive devices [13],
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Fig. 1 Sketch of the magnetic dipole system for physical reservoir
computing. (a) The nonlinear dynamical system consists of a cluster
of randomly placed magnetic dipoles in a magnetic field. The blue and
red arrows represent the two poles of the magnetic dipoles, while the
black dashed arrows indicate the external magnetic field with a time-
dependent angle 0y (¢). (b) Flowchart of the TSP numerical experiment.

spintronics components [14-16], and phase-change mate-
rials [17, 18] to implement such systems. Inspired by
these efforts, metamaterials—renowned for their ability to
manipulate complex wave phenomena—have emerged as a
promising platform for neuromorphic computing, due to their
inherent nonlinear modeling capabilities and their poten-
tial to effectively emulate neural network functions [19].
All-optical [20-22] and acoustic wave-based [23] diffrac-
tion deep neural networks have been demonstrated using
optical and acoustic metasurfaces, respectively. Although
these approaches effectively demonstrate the physical real-
ization of feedforward neural networks, their functionality
remains largely restricted to static tasks, such as image recog-
nition and segmentation, and they are inherently unsuitable
for processing temporal signals. In contrast, recurrent neu-
ral networks (RNNs), which incorporate loops or feedback
mechanisms between network layers, possess inherent mem-
ory capabilities. This enables them to generate outputs based
on both current inputs and prior internal states, allowing
the execution of temporally dependent tasks, such as time-
series prediction and speech processing. Nevertheless, the
increased computational complexity of RNNs poses signifi-
cant challenges for their physical implementation.

In this line of research, the underlying physical mecha-
nisms have been progressively elucidated. In 2019, Hughes
et al. [24] compared the discrete computational processes of
wave equations, solved using the finite difference method,
with the update rules of RNNs, thereby clarifying the map-
ping between the dynamics of wave systems and RNN
computations. In 2022, Qu et al. [25] demonstrated that res-
onant structures can serve as fundamental building blocks
for the construction of RNNs. By incorporating resonators
with varying lifetimes, they enabled the system to exhibit
both short-term and long-term memory capabilities. In 2023,
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The time series and reservoir states are divided into training and predic-
tion phases by the black dashed line. The red rectangles represent the
computational core, which slides along the direction of the red arrow
to iteratively compute the reservoir states. The blue arrows indicate the
two-step iteration, and the yellow arrow represents the prediction of the
time series from the reservoir states

Jiang et al. [26] further advanced this line of research by the-
oretically proposing a metamaterial-based RNN model. The
model leverages locally coupled resonators within metamate-
rials to simulate spatiotemporal recursion, thereby achieving
localized vibration energy and emulating the feedback mech-
anism inherent in RNN. Nevertheless, the training process in
all the above works still relies on software-based computa-
tion, meaning the essential is only to simulate the trained
weight matrix digitally.

As an emerging computational paradigm, reservoir com-
puting has attracted significant attention due to its ability to
operate without requiring training of the neural network [27,
28]. Specifically, the reservoir computing framework con-
sists of three main components: an input layer that injects
external signals into the system; a reservoir, typically a high-
dimensional, dynamic, and nonlinear system, responsible for
mapping and storing time-series information; and a train-
able linear output layer. Traditionally, a RNN is employed
as the reservoir, forming what is known as an Echo State
Network (ESN). In this architecture, the reservoir remains
fixed and only the output layer requires training-typically
doing linear regression. Consequently, leveraging dynamical
systems to replace RNN offers a natural pathway for build-
ing physical reservoir computing frameworks. Appeltant et
al. [29] employed a single virtual time node with delayed
feedback as a reservoir to demonstrate its capability for
time-series prediction and speech recognition. Building on
this concept, Liang et al. [30] proposed a rotating reservoir
composed of multiple virtual time nodes, achieving a reser-
voir computing model with enhanced performance due to
improved nonlinearity. Hauser et al. [31] proposed a mass-
spring reservoir model, in which adjacent mass blocks are
randomly connected by nonlinear springs. In this model,
the input signal corresponds to an external force transmitted
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through the spring network, while the output signal is defined
as a linear combination of the spring lengths. Momeni et
al. [32] proposed enhancing the system’s nonlinear process-
ing capabilities by employing a time-periodically modulated
electromagnetic wave system. They demonstrated this con-
cept using a dielectric plate with a slowly time-varying
refractive index, combined with a conventional random
layer, to construct a physical reservoir capable of predicting
chaotic time series. In addition, it also includes memristive
devices [33-35], photonic devices [36, 37], among others.
Indeed, identifying dynamical systems that are simple, gen-
eralizable, interpretable, and easy to implement remains a
central challenge in this field and continues to be a focus of
ongoing research [38].

In this paper, we propose a physical reservoir computing
(PRC) model based on a cluster of spatiotemporal magnetic
dipoles randomly distributed within an external magnetic
field. The system is driven by variations in the orienta-
tion of the external magnetic field, which serve as inputs to
induce rotational motion in the magnetic dipoles. The inter-
play of mutual coupling and hysteresis among the dipoles
gives rise to rich and nonlinear dynamic behaviors. We evalu-
ated the proposed model on time-series prediction (TSP) and
time-series classification (TSC) tasks using the Mackey—
Glass time series and spoken digits, respectively. The results
demonstrate that the system’s nonlinear richness effectively
endows the constructed PRC with both regression and classi-
fication capabilities. Furthermore, the proposed noncontact,
nonlocally coupled dynamical system is relatively simple and
straightforward to implement.

2 Theory and Equations

Here, we demonstrate how the physical system can func-
tion as an analog of an ESN. Consider a dynamical system
comprising a cluster of N magnetic dipoles randomly dis-
tributed in two-dimensional space to form the PRC model,
as shown in Fig. 1(a). When driven by an external mag-
netic field, the dipoles, with fixed relative positions, exhibit
complex rotational motion. It should be noted that the con-
cept of magnetic dipoles here is effective dipolar particles
with field-dependent magnetization instead of the standard
single-domain or permanent magnetic dipoles. The equation
of motion for the i-th magnetic dipole can be given by a
second-order ordinary differential equation as

0 = —aisin[6; — 60()] — vi6h — Y Bijg(0:i,0), (1)
J#i

where o; = m; B/I; is the torque coefficient caused by the
external magnetic field, y; = c¢;/1; is the damping coefficient,

Bij = momim; /(4w l; dfj) is the nonlocal coupling strength
between dipoles, and the coupling form is [39]

g(@i,ej) = sin (91' — 9]) — 3cos (9,' _¢ij) sin (9]' — ¢ij)-
2

The physical parameters are defined as follows: 6; denotes
the rotational angle; ; is the moment of inertia; B represents
the external magnetic field; 9y (¢) denotes the time-dependent
direction of the magnetic field, which is used to model the
input time series; ¢; is the rotational damping coefficient;
o = 41 x 1077 N/A? is the permeability of free space;
and d;; and ¢;; represent the distance and relative orientation
angle between dipoles i and j, respectively.When subjected
to an external magnetic field, the magnetic moment of the
dipoles, denoted by m;, exhibit a magnetic hysteresis effect,
which can be characterized by the following equation

B cos (0; — 6 (t))i| 3)

T = —m; + my tanh
By

where 1, denotes the magnetic relaxation time, m; repre-
sents the saturation magnetic moment, and By is a scaling
coefficient of the magnetic field. This first-order hysteretic
response model represents a simplified form derived from the
Jiles—Atherton model [40, 41]; an approximate derivation is
provided in Appendix A. To check the PRC model without
loss of generality, we fix the parameters as follows for all

models considered in this work: I; = 1,¢; = 1, B = 1,
By = 1.5, my = 1, 1, = 1, d;; randomly in [0, 1], and
¢ij randomly in [0, 27 ]. It is worth noting that d;; = d;;,

¢ji = (¢ij + m) mod 27, d;; = 0, and ¢;; = 0. The sys-
tem’s time is normalized to characteristic time ty = I; /¢; and
the normalized angular velocity is wg = ¢;/1;.

In this dynamical system, the magnetic dipoles are typ-
ically treated as analogs of neurons, and the motion states
of all dipoles—including rotational angle, angular velocity,
and magnetic moment—constitute the reservoir. Since these
states cannot change instantaneously, the current state natu-
rally depends on the previous one. It is worth noting that, in
principle, we can choose one of them as the reservoir. How-
ever, its nonlinearity is relatively weak and insufficient to
handle chaotic time series. Combining all three parameters
provides a more powerful internal computational capability.
The system offers the advantages of easily adjustable cou-
pling strength through dipole positioning and the benefits of
contactless interactions. The coupling between dipoles, com-
bined with hysteresis-induced coupling, endows the system
with rich nonlinear dynamics.

To numerically solve this system, we here employ a mod-
ified fourth-order Runge—Kutta method. By performing an
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order reduction of Eq. (1), we obtain

é,' = w;
& = —a; sin[6; — 00(1)] — viw; — Y Bijg(6:,6))
J#i
iy = _mi L ms oo [Bcos ©; — Bo(t))],
Tm Tm By

where w; denotes the angular velocity. By combining the
above equations into vector form, we obtain 7 = f(¢,r),
where r = (61, ..., 0N, @1, ..., N, M1, ..., mN)T constitutes
the reservoir. Considering the actual measurement, each
magnetic dipole is rigidly attached to its dedicated rotation
axis, allowing for the direct installation of high-resolution
angle encoders (e.g., optical angle encoders [42]) to pre-
cisely track rotation angle in real time. The angular velocity
can be obtained through simple numerical differentiation
of the measured rotational angle. Similarly, the magnetic
moment can be inferred indirectly using Eq. (3) based on
the known external magnetic field and the measured rotation
angle. Alternatively, highly sensitive magnetometers (e.g.,
Hall detector probes [43]) can be employed for direct mea-
surement. Assume that we discrete a continue time series
u(t) and apply 6o(#) = u(t) with M time steps as the input
time series for training. In order to satisfy the requirements of
Runge—Kutta method for computing slopes at the midpoint
of each time interval, the iteration should be modified as a
two-step format, as follows

ri =ri—p + (k1 + 2ko + 2k3 + k4) /6, (&)
where

ki =hf(ti-2,ri-2) (6)
ko =hf(ti—1,ri—a + %) (7
ks =hf(ti-1,ri—o+ %) (®)
ka = hf(ti,ri—2 + k3) )

and i = 2At is the iteration step. We define the time inter-
val between adjacent integration points as Az = 0.579. As
demonstrations, we now consider employing this system to
perform two fundamental tasks via numerical experiment,
namely, time-series prediction and time-series classification.

For the TSP, which is a regression task, the system is first
driven by the known time series for training, and the subse-
quent series is then obtained via autonomous prediction, as
illustrated in Fig. 1(b). The reservoir state collection matrix
is given by

R, = [ri 1M (10)

@ Springer

The solid circles in Fig. 1(b) represent the initial condi-
tions, where r_1 is initialized with random 6; € [—m, 7],
w; = 0, and m; = 0.1; while on this basis, we directly let
ro = r—1,as we confirm that owing to the system’s highly rich
nonlinear response and the use of a small step size, the state
differences between two successive inputs remain relatively
small. Once the system is established, the reservoir remains
fixed, and training involves only modifying the readout map.
The readout map is treated as a weighted combination of the
reservoir states and is typically trained via linear regression.
To implement this, the desired output collection matrix must
be defined; for the TSP task, it corresponds to the time series
shifted one step ahead, as follows

D, = [u1M5>. (11)

The output weight matrix can now be obtained by performing
a ridge regression,

Wy, =(RIR, +2D)"'RID,, (12)

where I denotes the identity matrix and A is a non-negative
regularization coefficient. Furthermore, the prediction phase
is given by

Uiy1 = Wpri, (13)

where i > M — 2. In the prediction phase, the output at
step i serves as the predicted value for step i + 1 and is
subsequently fed back into the reservoir as input, enabling
the system to autonomously generate predictions in a closed-
loop manner. Consequently, this framework can be employed
to reconstruct missing signals.

For the TSC, which is a classification task, the system
is driven by the time series to recognize the corresponding
label. Suppose we have a dataset comprising multiple time
series samples, of which typically 80% serves as the training
set and 20% as the test set. Each sample is represented as
(ui (1), yi), where u; () denotes the signal of the i-th sample,
and y; is the corresponding label. Unlike the TSP, the sys-
tem ceases evolving once the input time series is exhausted
in the TSC task. When a single signal is injected into the
system as the angle of the external magnetic field, the sys-
tem evolves until the end, and the final reservoir state, which
encodes the information of the sample, is obtained. It should
be noted that, although the original waveform contains all
feature information, real speech datasets often present chal-
lenges such as high dimensionality and excessive sensitivity
to amplitude variations, noise, and other factors, which can
reduce classification accuracy. Therefore, the original wave-
form is typically preprocessed for feature extraction prior to
being input into the system. During the training phase, all
samples in the training set are sequentially injected into the
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Fig. 2 Mechanism analysis of the PRC model on the TSP task. (a)
NRMSE as a function of the number of dipoles when TS1 is used as the
model input. The red dot (N = 36) indicates the optimal configuration.

system, and the corresponding final states collectively form
the reservoir state collection matrix, as follows

R =[ri1,, (14)

where M represents the number of samples in the training
sets. The desired output for this task are the labels y;. In
classification tasks, one-hot encoding can enhance the algo-
rithm’s ability to handle discrete features, with the output
representing the estimated probability for each class. Con-
sequently, we transform the labels into sparse vectors Y; in
one-hot encoded form and construct the desired output col-
lection matrix as follows

D, =[Yi1X,. (15)
Similarly, the output weight matrix is given by
W, = (R'R. 4+ 2+~ 'R D... (16)
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The temporal responses of (b) rotation angle, (c) angular velocity and
(d) magnetic moment when the angle of external magnetic field is set
to 0

After training, we test the model using samples in test sets.
The prediction is given by

v; = argmax(Wer;). 17)

This implies that the predicted label corresponds to the index
of the maximum probability. Based on this, classification
accuracy is typically assessed by constructing a confusion
matrix using all prediction results from the test set.

3 Results and Discussions
3.1 Prediction of Mackey-Glass Time Series
In the present subsection, we take the widely studied Mack-

ey—Glass time series as an example to evaluate the TSP ability
of the proposed PRC model. The Mackey—Glass delay dif-
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Fig.3 Temporal responses of (a-b) rotation angle, (c-d) angular veloc-

ity, and (e-f) magnetic moment by taking TS1 as the training data,
where we have considered coupling between magnetic dipoles in the

ferential equation is defined as follows

du(t)  au(t—71)
dt  14+[u@t—-o

— bu(t), (18)

where we seta = 0.2, b = 0.1, n = 10, and the time delay
parameter T = 17, 19, 21 and 23 for different degrees of
chaotic behavior. It should be noted that the signal exhibits
periodic behavior when 7 < 16. However, once T exceeds
this threshold, the positive Lyapunov exponent leads to
exponential growth for the separation of close trajectories.
Therefore, chaotic time-series prediction is inherently chal-
lenging due to error accumulation in iterative predictions,
which leads to exponential divergence from the ground truth
over time. Furthermore, as t increases among the values
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left panel, but without coupling in the right panel. The vertical dashed
line indicates the boundary between the training phase and prediction
phases

set above, the degree of chaos intensifies, making accu-
rate prediction increasingly difficult. More details about the
Lyapunov exponent are provided in the Note S1 of Supple-
mentary Information.

We generate four sufficiently long Mackey-Glass time
series with an initial value of uy = 1.2, time step of 0.5,
but with different time delays to give different chaotic levels:
time series 1 (TS1) with ¢ = 17, time series 2 (TS2) with
T = 19, time series 3 (TS3) with T = 21, and time series 4
(TS4) with t = 23. All series are linearly normalized to the
range [—1, 1]. To enhance the generalization and robustness
of the model, Gaussian noise with a mean of 0 and variance
of 0.01 is added to each time series. We use M = 1000 time
steps as training data, and the subsequent 500 time steps as
test data.
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Fig. 4 Autonomous prediction results driven by Mackey—Glass time
series with varying degrees of chaos. (a-b) TS1, (c-d) TS2, (e-f) TS3,
and (g-h) TS4. Left panel: comparison between the ground truth and
the predictions of the PRC model over 500 test time steps, with the

To evaluate performance, we employ the normalized root
mean square error (NRMSE), which is defined as follows

(19)

where n denotes the number of sample points in the predic-
tion phase, oy, is the standard deviation, u; and u; represent
the true and predicted values, respectively. As a case study,
Fig. 2(a) shows how the NRMSE varies with the number
of dipoles N (reservoir size 3N) when driven by TS1. The
randomness involved in generating reservoirs of varying
sizes—manifested in d;; and ¢;;—leads to fluctuations in
NRMSE. Nevertheless, the NRMSE exhibits an overall con-

NRMSE =0.10
£ 05 [R2=099 &
2 0
o
g -05
N=33. 1
1400 1600 1 05 0 05 1

Ground truth
= = = Prediction

pink shaded areas indicating the 95% confidence intervals. Right panel:
scatter plots of ground truth versus prediction, with the purple diagonal
lines representing perfect prediction

vex relationship with reservoir size, initially decreasing until
it reaches an optimum at N = 36, after which it increases
with further expansion. This behavior can be attributed to the
fact that an appropriately sized set of magnetic dipoles forms
a complex and richly coupled dynamical system, enabling
more accurate approximation of the target time series. Con-
versely, an undersized reservoir lacks sufficient nonlinearity
for effective signal reconstruction, while an oversized con-
figuration may induce overfitting.

To elucidate the cooperative dynamics among the mag-
netic dipoles, we first fix the external magnetic field angle
at 0, based on the reservoir configuration with N = 36,
and randomly select three magnetic dipoles as represen-
tative subjects—MD1, MD2, and MD3—without loss of
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generality. Figures 2(b—d) show the temporal responses of
the rotation angle, angular velocity, and magnetic moment,
respectively. As illustrated, all dipoles are initially at rest and
possess identical magnetic moments; however, randomized
initial rotation angles and spatial distributions trigger sys-
tem motion. The system exhibits a typical transient response
before reaching the rest state again. Due to rotational damp-
ing, the system eventually ceases motion, and each magnetic
dipole maintains static equilibrium with specific rotation
angles and magnetic moments under the combined influence
of the external magnetic field and interactions with other
dipoles. When the external input varies continuously at each
time step, the resulting responses become highly rich due to
superposition effects. More details about the phase space are
provided in the Note S1 of Supplementary Information.
Figures 3 presents the temporal responses of the mag-
netic rotors (MD1, MD2, and MD3) when TS1 is employed
as input, corresponding to the case of fixed input shown in
Fig. 2. From the left panel, it can be seen that when nonlo-
cal coupling among the magnetic dipoles is considered, the
structure resembles an artificial neural network, where each
dipole acts as a neuron evolving over time and contributing
individually to the overall system output. The three parame-
ters together constitute a rich internal state of the reservoir,
fully characterizing its dynamic behavior. During the predic-
tion phase, the response curves largely follow the patterns
observed during training, indicating that the system has suc-
cessfully captured the characteristics of the training data. As
a result, even in the absence of ground-truth input for cor-
rection, the system is able to sustain the correct dynamical
behavior by feeding back its own predictions as input. To
further analyze the role of nonlocal coupling, we remove the
interactions among dipoles (i.e., let g(6;, 6;) = 0), and the
resulting responses are shown in the right panel of Fig. 3. In
the absence of coupling, the only differences among dipoles
stem from the random initialization of rotation angles. How-
ever, this effect quickly vanishes under the influence of the
external magnetic field, and the system eventually converges
to a synchronized response driven by the input. As observed
from the right panel, during training, the angular velocities
of all dipoles become nearly identical after being corrected
by the external field at the initial stage. The random ini-
tialization of rotation angles introduces a certain degree
of freedom, allowing the dipoles to evolve with different
angles; nevertheless, their dynamical behaviors remain con-
sistent. According to Eq. (4), the magnetic moment depends
on the rotation angle; thus, while their values may differ
numerically, their temporal evolution is identical. This anal-
ysis demonstrates that the motions of all dipoles are nearly
indistinguishable, causing the high-dimensional state vec-
torr = (01, ...,0N, 01, ..., 0N, M, ..., mN)T to contain a
large amount of redundant information. Consequently, the
effective dimensionality is insufficient, making it difficult

@ Springer

to capture nonlinear features of the input, which signifi-
cantly reduces the computational power of the system. As
aresult, once entering the prediction phase, the three param-
eters exhibit almost periodic behavior, in stark contrast with
the training stage, indicating model failure. According to
Eq. (4), after inter-dipole coupling is removed, the interaction
between dipoles and the external field through the sine term
and hysteresis function still provides a weak degree of nonlin-
earity, preventing the system from total collapse and ensuring
that the response amplitudes remain within a reasonable
range during prediction. A comparison of the left and right
panels highlights that nonlinear coupling among magnetic
dipoles plays a key role in breaking system homogeneity,
enhancing the effective dimensionality of the reservoir’s
internal state, and thereby providing sufficient prediction
capacity. Although we have seen that the system evolves in a
reasonable way, the numerical stability is worth to analyzing
and we provide in the Appendix B. More details about the
physics of prediction capacity are provided in the Note S2
and S3 of Supplementary Information.

We further examine the prediction performance. Figure 4
presents the autonomous prediction results driven by four
Mackey—Glass time series with varying degrees of chaos.
From the left panels, it can be seen that after training over
the segment indicated by the orange solid line, the model
enters the prediction phase, during which no external input is
provided. Instead, the next time-step predictions are fed back
into the model, allowing the system to evolve autonomously
and perform step-by-step forecasting. During prediction,
the results indicated by the pink dashed line align almost
perfectly with the ground truth shown by the blue solid
line. Therefore, with an appropriately configured reservoir
size, the model achieves excellent prediction performance
across all four time series, including TS4 with a time-delay
parameter of T = 23, which still demonstrates a remark-
ably high level of predictive accuracy. The 95% confidence
interval indicates that the discrepancies between prediction
and ground truth are primarily concentrated at sharp turning
points in the time series. The right panel shows scatter plots of
prediction versus ground truth, from which it can be seen that
the data points are tightly and evenly distributed around the
diagonal, indicating high prediction accuracy and the absence
of systematic bias. The few data points that deviate from the
diagonal mainly appear near the end of the prediction hori-
zon, reflecting the inherent error accumulation in long-term
iterative forecasting. To complement this qualitative analysis,
we also report the NRMSE and R” as quantitative perfor-
mance metrics. The R? is a commonly used indicator for
evaluating the goodness of fit and is defined as

221:1(’4:‘ - MAi)z

R>=1- S
Z?:l(”i _”)2

(20)
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(e-f) B = 8. Left panel: the autonomous prediction. Right panel: the temporal responses of angular velocity. The legends is the same as Figs. 3 and

4

where u denotes the mean of the ground truth. As shown in
the right panels, the NRMSE are all close to 0, while the cor-
responding R? are consistently close to 1. These two metrics
confirm that the proposed PRC model accurately captures the
fine details of the time series, effectively reconstructing sub-
sequent sequences. Compared with existing report [32], the
results obtained in the Mackey—Glass time series prediction
demonstrate that our model exhibits highly competitive com-
putational performance, in which we further extends prior
work by predicting longer sequences and sequences with
higher degrees of chaos. A concise benchmark comparison
with other reservoir systems is provided in Note S4 of Sup-
plementary Information.

The above analysis is based on a stepwise driving strategy,
in which new data are injected at every time step to main-
tain the continuous evolution of the system. This approach

enables the system to gradually accumulate nonlinear effects
induced by the successive inputs, thereby generating a rich
dynamic response. However, it is also worth investigating
an alternative driving scheme: after data are injected at a
given time step, the system evolves under this input for S
time steps, after which its final state is read out before the
next data injection. Compared with the stepwise strategy, this
approach allows the system to unfold its internal dynamics
over a longer time scale. The left panel of Fig. 5 presents
the prediction results under different readout step sizes. It
can be observed that as the readout step size f increases, the
overall prediction accuracy decreases significantly, and the
length of the accurately predictable horizon becomes notably
shorter. This phenomenon indicates that the system’s predic-
tion capacity gradually deteriorates with increasing 5. When
the system is allowed to evolve freely for an extended period,
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Fig. 6 Effects of different readout step sizes on the temporal responses of rotation angle and magnetic moment. (a-b) 8 = 2, (c-d) B = 4, (e-f)
B = 8. Left panel: the temporal responses of rotation angle. Right panel: the temporal responses of magnetic moment

most of the information from the previous input is lost before
the arrival of the next one. As shown in the right panel of the
temporal responses of angular velocity, the readout angular
velocity decreases progressively with increasing 8. This indi-
cates that under the influence of damping, the system loses a
significant portion of its velocity during free evolution, such
that by the time the next input arrives, most of the initial
momentum has already dissipated. After entering the predic-
tion phase, the absence of real data injection to correct the
system state causes the system, under self-prediction driving,
to maintain dynamics similar to those observed during train-
ing only for a short period. Moreover, as the readout step
size B increases, the duration over which this consistency
can be sustained becomes progressively shorter. When S
approaches infinity, the system dynamics degenerate into the
fixed-time driving scenario shown in Fig. 2. In this extreme

@ Springer

case, the system rapidly decays and returns to a resting state
after receiving a single input.

Figure 6 further illustrates the temporal responses of the
rotation angle and magnetic moment. From the left panel,
it can be seen that during the training phase, the temporal
responses of angular velocity are identical for different 3, as
their values are determined by the injected angle for external
magnetic field. Consequently, larger readout step sizes allow
the system to reach a given rotation angle at a slower angular
velocity. Since the magnetic moment depends on the rotation
angle, its temporal response follows a pattern similar to that
of the rotation angle. However, when g increases, according
to Eq. (4), the rotation angles of the magnetic dipoles tend
to align with the angle of external magnetic field, causing
the cosine term to approach 1 and the magnetic moments to
reach a stable, saturated state, as observed for dipoles MD1
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Fig.7 Numerical experiment framework for spoken digit recognition.
The blue curve represents a voice signal, which is subsequently trans-
formed into Mel-frequency cepstral coefficients before being input into
the reservoir. The solid black box denotes the physical reservoir and

and MD3. If a dipole’s rotation angle exhibits a dynamic
deviation from the angle of external field, the fluctuations
of the cosine term induce dynamic variations in its mag-
netic moment, as seen for dipole MD2. During the prediction
phase, the system gradually comes to a stop, with the rota-
tion angles becoming constant (Fig. 6(e)) and the cosine term
approaching 1, resulting in all magnetic dipoles eventually
reaching a stable saturated state (Fig. 6(f)).

Therefore, the larger the readout step size, the more severe
the memory decay, and the fewer time steps can be accurately
predicted during the prediction phase. For highly chaotic time
series, frequent input during training helps maintain the sys-
tem’s activity, generating rich state variations that capture the
complex dynamics of the sequence and enhance the system’s
prediction capacity. This allows the system to sustain longer
periods of accurate prediction even in the absence of real data
injection during the prediction phase.

3.2 Spoken Digit Recognition

In this subsection, we further evaluate the capability of the
proposed PRC model for time-series classification through
a spoken digit recognition task. Specifically, we use the
free spoken digit dataset (FSDD) compiled by Zohar Jack-
son [44], which contains recordings of the digits 0-9 spoken
by six speakers with different English accents. Each speaker
recorded 50 utterances per digit, resulting in a total of 3,000
recordings sampled at 8 kHz. Then, we randomly partition
the dataset into 2,400 samples for training and 600 for test-
ing, corresponding to an 8:2 split. It is worth noting that due

the arrows indicate the output to the readout layer. The corresponding
labels of the voice signals are one-hot encoded and serve as the target
readout

to significant variations in accent, speaking speed, and into-
nation among the speakers, distinguishing between classes
is particularly challenging. Therefore, spoken digit recogni-
tion serves as an effective and widely used benchmark for
evaluating the classification capability of the model.

The numerical validation framework for the spoken digit
recognition task is illustrated in Fig. 7. The raw voice signals
u(t) contain the latent features of the digits but present several
challenges, including high dimensionality, variable lengths,
noise, and redundant information. Therefore, preprocessing
is required. In this study, we adopt the Mel-frequency cep-
stral coefficients (MFCCs), which are widely used in speech
recognition tasks. These coefficients are obtained by apply-
ing a discrete cosine inverse transform to the logarithm of the
signal’s energy spectrum [45, 46]. The preprocessing details
are provided in Appendix C.

After this step, each sample is divided into 17 frames,
with each frame comprising 13 MFCCs. For each frame of
the Mel spectrogram, a pseudo-time axis is constructed along
the direction of increasing Mel coefficient indices, as indi-
cated by the red arrow in Fig. 7. The Mel-frequency cepstral
coefficients of each frame are treated as the angles of the
external magnetic field injected into the reservoir, thereby
driving the system. The corresponding labels of the sample
signals are transformed into vectors via one-hot encoding,
enabling the model to output estimated class probabilities.
Training is then performed following the time-series classi-
fication procedure described in Sec. 2, using 2,400 spoken
signals in the training set.
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Fig. 8 Performance of the PRC model on the spoken digit recogni-
tion task. (a) The test accuracy as a function of the number of dipoles
for different frames. The black dashed line serves as a reference for

After training, we evaluate the PRC model by using the
600 spoken signals in the test set. It can be seen from
Fig. 8(a) that as the the number of dipoles increases, the test
accuracy initially rises rapidly, reflecting that an increased
reservoir size provides the system with more nonlinear cou-
plings, thereby enhancing its prediction capacity. The rate
of improvement then gradually levels off, indicating that
the memory has approached saturation and cannot be fur-
ther increased by enlarging the reservoir. If the reservoir size
continues to grow, the overly complex nonlinear couplings
may capture unnecessary details from the training set, lead-
ing to overfitting and a subsequent decrease in test accuracy.
Similar to the time-series prediction task, the fluctuations in
each curve arise from the randomness in the positions of the
magnetic dipoles, but these do not affect the overall trend.

By comparing different frames, it can be observed that
the distinctive speech features of the digits vary across
frames, resulting in different predictive performance when
the model is driven by different frames. Notably, the model
achieves better performance when driven by frames with
smaller indices, which may suggest that the initial segments
of English pronunciations of Arabic numerals contain more
distinctive features than the later segments. In Fig. 8(a), the
dotted arrow indicates the optimal configuration correspond-
ing to the 4th frame, where a reservoir composed of 92
magnetic dipoles achieved a test accuracy of 93.33%. The
corresponding confusion matrix is shown in Fig. 8(b), where
correctly classified samples are highly concentrated along
the main diagonal. These results demonstrate that the pro-
posed PRC model possesses sufficient nonlinear expressive
capability to successfully perform time-series classification
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Predicted label

90% test accuracy. (b) Confusion matrix corresponding to the reservoir
configuration marked by the dotted arrow in (a)

tasks. Please refer to Note S4 of Supplementary Information
for benchmark comparison with other reservoir systems.

4 Conclusions

In conclusion, we proposed a PRC model consisting of
a cluster of magnetic dipoles driven by a time-varying
external magnetic field. Through mechanistic analysis, we
demonstrated that the system can serve as an effective phys-
ical analogue of ESN for neuromorphic computing tasks.
The model was validated on both regression and classi-
fication benchmarks. For regression, it achieved accurate
autonomous prediction of Mackey—Glass time series across
different chaotic regimes. For classification, it attained over
90% accuracy on the Free Spoken Digit Dataset, highlight-
ing its capability for robust spoken digit recognition. These
results collectively confirm that the proposed PRC frame-
work provides a promising platform for PRC with broad
applicability.

The results validate that the richness of the internal dynam-
ics in the proposed model provides the essential memory
and nonlinearity required for effective reservoir comput-
ing. Moreover, the proposed system features a noncontact,
nonlocally coupled structure, which offers a scalable and
hardware-friendly pathway for future physical implementa-
tions. This study not only introduces a new paradigm for
constructing PRC systems but also opens promising avenues
for leveraging magnetic dynamical systems as efficient reser-
voirs in neuromorphic computing.
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Appendix A: Magnetic Hysteresis Model

The Jiles—Atherton model is one of the famous magnetic
hysteresis models whose basic equation is as follows [40, 41]

M My, — M
dH = 8k —v(My, —

'’ 2

where M is the magnetization of material, H denotes the
external magnetic field, k is a dissipation coefficient, v is
the coefficient that describe the magnetic domain coupling,
8 takes value 41 and —1 respectively for dH /dt > 0 and
dH/dt < 0,and M, is the anhysteretic magnetization. M,
is originally defined by Langevin function as [40, 41]

M, (H) = m, |:c0th (H + ”M> a } ,

— 22
a H+vM (22)

where a is Langevin parameter. The Eq. (22) is often approx-
imated by the hyperbolic tangent function due to their similar
shape and asymptotic behavior as

H
M., (H) = mg tanh —, (23)
By

where we have considered the weak magnetic coupling sit-
uation v & 0. Further, we seek to describe the hysteresis
response in the form of a first-order differential equation. By
using the Eq. (21) and chain rule we obtain

dM _dM dH 1( M Mo
dt ~ dH dt 1, an’

(24)
We have take a single relaxation time constant 7, ~ 8k/H to
capture the average lag between the applied magnetic input
and the magnetization response. Thus, by combining Eq. (23)

and Eq. (24), we arrive

. H
twM = —M + my tanh B (25)

0
In our model, the projection of the external magnetic field
in the direction of the magnetic dipole should be considered,
i.e. H = Bcos (0 — 6y(t)). In the end, we get the simplified
equation of magnetic hysteresis effect expressed in Eq. (3).

Appendix B: Numerical Stability Analysis of
System Solutions

Numerical stability assessment is a crucial metric for evaluat-
ing the sensitivity of error propagation in an algorithm. It aims
to determine whether the output remains reliable under small
perturbations in the input data. Here, we employ the basic
linearization method to evaluate the stability of the modified
Runge—Kutta method in the main text, thereby illustrating
the rationale for the chosen iteration step h. The well-known
linearization method is to linearize the nonlinear system near
the reference point and use the stability theory of linear sys-
tem to analyze the stability of the original nonlinear system.
Based on the state vector relationship » = f(¢,r), we
expand it around the reference point as a Taylor series

fr)y= f(rref) + J(rref)(r - Vref) +o(r — rref)2» (26)
where the Jacobian matrix is given by
dfi
J. = 2L 27
= 5, 27

By introducing a small perturbation using the difference
scheme, we obtain

_ fr+ee) — f(r—eex)

J.
n 2¢

(28)
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where € = 1 x 107 is a small quantity, k = 1, ..., 3N, ¢ is
unit vector defined as

1 ifi =k,

. 2
0 ifi # k. @

(er)i =

Thus, the eigenvalues Ay of the Jacobian matrix can be deter-
mined using the following formula

[J(r) =2l =0, (30)

where Ay is the identity matrix. Here, We employ the stabil-
ity region solution of the Runge—Kutta method proposed by
Ait-Haddou [47]. Specificlly, for an iterative test equation

riv2 = P(ri, (3D
where n = Ah. The numerical stability region condition is
S={neCllP(n =11} (32)

For Runge—Kutta method we have the stability polynomial
P(n) as

2 3 4
Ui Ui n
Pam 1+77+2_!+§+4_!- (33)

Thus, by setting P(n) = =1, we obtain the right and left
boundaries of the stability region as n = 0 and n = —2.785.
Therefore, numerical stability at the reference point can be
determined by testing if the product of smallest negative
eigenvalue and the iteration step belongs to [-2, 0], where
we adopt a stricter bound of -2 in place of the actual value of
-2.785. This condition can be further summarized as

e < 2 Stable (34)
Nref = Mmin > 2 Unstable.

Figure 9 show the results of the stability test at each time
step, where the iteration step # = 0.5. For the model with
a fixed angle of external magnetic field as input, the numer-
ical stability factor (17,.r) of the system evolves until the
motion ceases. Once the system rest, the numerical stabil-
ity of the solution naturally remains constant, as shown in
Fig. 9(a). For the model with Mackey—Glass time series as
input, the numerical stability factor remains in an oscilla-
tory state throughout both the training and prediction phases.
Across both tests, 7,07 is consistently bellow 2, suggest-
ing that the numerical solution remains in the stable region
throughout. This confirms the reliability and effectiveness of
the system solution.
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Fig. 10 Histogram of sample signal lengths in the spoken digit dataset

Appendix C: Mel-frequency Cepstral Coeffi-
cients

Here, we describe the preprocessing procedure employed for
spoken digit recognition, which converts the raw audio sig-
nals into MFCCs. As shown in Fig. 10, the histogram of the
FSDD dataset highlights substantial variability in the lengths
of the recorded voice signals, and most of the samples have
lengths below 10000 data points, while a few samples are
excessively long and potentially redundant.

To address this problem, all samples were firstly stan-
dardized to a length of 8192 data points by truncation and
zero-padding, thereby removing excessively long segments
while preserving information in shorter samples through
padding. Next, the number of data points used for each frame
was setto N = 8192, with a frame shift of R = 512 between
consecutive frames, resulting in 17 frames per signal sample.
For each frame, 4096 data points on either side of the Fourier
transform center were considered, with zero-padding applied
to any points that exceeded the signal boundaries. For a given
frame u (n), the discrete Fourier transform is computed as fol-
lows

N—1
Uk) = Z u(n)w(n)e 2 kn/N, (35)
n=0

where w(n) = 0.5[1+cos[2wn /(N —1)]is Hanning window.
Further, we get the unit power spectrum

_Um®P?
Py = — . (36)

The Mel frequency is a nonlinear frequency scale designed
to match human auditory perception. Its relationship to the
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linear frequency is given by
Smet = 25951og;o(1 + f/700). (37)

Here, we divide the Mel frequency axis into M = 128 equally
spaced segments. These points are then mapped back to the
linear scale to obtain the corresponding frequency values,
and the following piecewise function is used to construct
127 triangular Mel filters

05 k < fm—]
k_fm—l
H, (k) = fj'c”:_(”ljcl v Jma1 k< fm (38)
fh:n+17fm ’ fm = k < fm+1
0’ k> fm—H

Applying the filters to the power spectrum, we obtain the
output energy of the m-th filter

f;nJrl
En= Y_ Pk)Huk (39)
k= fin—1

Take the logarithm of the output energy, and apply the dis-
crete cosine inverse transform to obtain the Mel-frequency
cepstral coefficients as follows

M—1
Ci =) logEycosmi(m—0.5)/(M — 1],
m=1
i=0,1,..12. (40)

Thus, after preprocessing, each frame of the original sig-
nal is ultimately transformed into 13 Mel-frequency cepstral
coefficients that encapsulate the internal voice features, as
illustrated by the spectrogram in Fig. 7. The coefficients are
normalized to the range [—1, 1].

Supplementary Information  The online version contains supplemen-
tary material available at https://doi.org/10.1007/s11071-026-12291-
4.
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